Abstract. In this paper, using Donaldson's heat flow, we show that the semistability of a Higgs bundle over a compact Kähler manifold implies the existence of approximate Hermitian-Einstein structure on the Higgs bundle.
Introduction
Let (M, ω) be a compact Kähler manifold, and E be a holomorphic vector bundle over M . The stability of holomorphic vector bundles, in the sense of MumfordTakemoto, was a well established concept in algebraic geometry. A holomorphic vector bundle E is called stable (semi-stable), if for every coherent sub-sheaf E ′ ֒→ E of lower rank, it holds:
where µ(E ′ ) is called the slope of E ′ . In early 1980s, S. Kobayashi introduced the Hermitian-Einstein condition for holomorphic bundles on Kahler manifolds. A Hermitian metric H in E is said to be Hermitian-Einstein, if the curvature F H of the Chern connection D H satisfies the Einstein condition:
where Λ ω denotes the contraction of differential forms by Kähler form ω, and the real constant λ is given by λ = A holomorphic bundle (E, ∂ E ) coupled with one Higgs field θ ∈ Ω 1,0 (End(E)) which satisfying ∂ E θ = 0 and θ ∧ θ = 0 will be called by a Higgs bundle. A Higgs bundle (E, θ) is called Stable (Semi-stable) if the usual stability condition µ(E ′ ) < µ(E) (≤) hold for all proper θ-invariant sub-sheaves. A Hermitian metric H in Higgs bundle (E, θ) is said to be Hermitian-Einstein if the curvature F of the Hitchin-Simpson connection D H,θ = D H + θ + θ * H satisfies the Einstein condition,
where F H is the curvature of Chern connection D H , θ * H is the adjoint of θ with respect to the metric H.
Higgs bundles first emerged twenty years ago in Hitchin's study of the selfduality equations on a Riemann surface and in Simpsons work on nonabelian Hodge theory. Higgs bundles have a rich structure and play a role in many different areas including gauge theory, Kähler and hyperkähler geometry, group representations and nonabelian Hodge theory. In [12] and [22] , it is proved that a Higgs bundle admits the Hermitian-Einstein metric iff it's Higgs poly-stable. This is a Higgs bundle version of the Donaldson-Uhlenbeck-Yau theorem.
We say a holomorphic vector bundle E admits an approximate Hermitian-Einstein structure if for every positive ǫ, there is a Hermitian metric H such that
Kobayashi ([15] ) introduced the notion of approximate Hermitian-Einstein structure in a holomorphic vector bundle, and he proved that a holomorphic vector bundle with an approximate Hermitian-Einstein structure must be semi-stable. Furthermore, over projective algebraic manifolds, Kobayashi solved the inverse problem, i.e. the semi-stability implies admitting an approximate Hermitian-Einstein structure, and he also conjectured that the result should be true for general compact Kähler manifolds.
In this article, we consider the existence problem of approximate HermitianEinstein structure in Higgs bundles. We will show that the semi-stability of Higgs bundle implies the existence of approximate Hermitian-Einstein structures. In fact, we prove the following theorem. 
We will use the heat flow method to prove theorem 1. Simpson ([22] ) introduced the Donaldson's heat flow to Higgs bundle case, i.e. the following heat flow for Hermitian metrics on the Higgs bundle (E, θ) with initial metric H 0 :
Simpson proved the long time existence and uniqueness of solution for the above non-linear heat equation. By Uhlenbeck and Yau's result, that L 2 1 weakly holomorphic sub-bundle defines a coherent sub-sheaf, Simpson obtain an uniform C 0 -estimate of the long time solution of the above heat flow (1.6) when the Higgs bundle is stable, and show that the solution must convergence to a Hermtian-Einstein metric. In this article, we will follow Simpson's discussion to prove that, along the heat flow, the term max
−λId| H must convergence to zero under the assumption that the Higgs bundle is semi-stable. The correspondence between semistability and the existence of approximate Hermitian-Einstein structure in the holomorphic vector bundle case has been studied recently by Jacob ( [13] ) using a technique developed by Buchdahl ([7] ) for the regularization of sheaves in the case of compact complex surfaces. It should be point out that our discussion is different from that in [13] . Recently, Cardona ([8] ) obtain the result of theorem 1 in Rieamnn surface case by using a Donaldson functional approach analogous to that of Kobayashi [15] .
In [5] , Bruzzo and Otero proved that a Higgs bundle admitting an approximate Hermitian-Einstein structure must be semi-stable. Combining Bruzzo and Otero's result and theorem 1, we know that, in Higgs bundles, admitting an approximate Hermitian-Einstein structure and the semi-stability are equivalent. It is easy to check that if two Higgs bundles admit approximate Hermitian-Einstein structure, so does their tensor product; furthermore, if they are with the same slope, so does their Whitney sum. So, we have the following corollary. 
where F ⊥ H,θ is the trace free part of F H,θ . If the Higgs bundle (E, θ) admits an approximate Hermitian-Einstein structure, we can choose a sequence of metric H i so that the last term of the above inequality convergenes to zero, so we obtain the following corollary.
Corollary 3. If (E, θ) is a semi-stable Higgs bundle on Kähler manifold (M, ω), then we have the following Bogomolov type inequality
This paper is organized as follows. In Section 2, we recall some basic estimates for the Donaldson's heat flow in Higgs bundle. In section 3, we prove theorem 1.
Analytic preliminaries and basic estimates
Suppose H(t) is a solution of the above Donaldson's heat flow (1.6) with initial metric K, and let h(t) = K −1 H(t), then (1.6) can be written as
Furthermore, by an appropriate conformal change, we can assume that the initial metric K satisfies
In fact, set K = e f H 0 and f is defined by the Poisson equation
For simplicity, we denote:
It is easy to check that ( 
we have:
The formula (2.4) can be deduced from (2.7) directly. On the other hand,
(2.8)
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By (2.7) and (2.9), we have
(2.9)
Since Φ(H, θ) is self adjoint with respect to H, (2.9) implies (2.5). ✷ Set h = K −1 H = exp(S), where S ∈ End(E) and it is self adjoint with respect to K or H. By the initial condition and (2.4), we have tr(Φ(H(t), θ)) = 0, then For reader's convenience, we recall some notation. Let K be a fixed Hermitian metric on bundle E, denote
Given ρ ∈ C ∞ (R, R) and η ∈ S K (E). We define ρ(η) as follows. At each point x on M , choose an unitary basis {e i } r i=1 with respect to metric K, such that η(e i ) = λ i e i . Set:
In a similar way, we define Ψ[η](p) as follows. Let {e * i } r i=1 be the dual basis for
Let's recall Donaldson's functional defined on the space of Hermitian metrics on Higgs bundle (E, θ) ( Simpson [22] ),
where H(s) is any path connecting metrics K and H. The above integral is independent on path, and we also have a formula for the derivative with respect to t of Donaldsons functional,
for details see recent paper [8] . By (2.17), we know that the heat flow (1.6) is the gradient flow of Donaldson's functional.
Proof of theorem 1
Let H(t) be the solution of the heat flow (1.6) with initial metric K, then we have
By the monotonicity of the integral, we have
By the definition of Donaldson's functional (2.15), we have
where exp(S(t)) = h(t) = K −1 H(t). From Lemma 4, we know that max M | √ −1Λ ω F H(t),θ | are uniformly bounded, so we have the following Simpson's estimate (p885 in [22] )
where constants C 1 and C 2 depend only on the curvature of initial metric K and the geometry of (M, ω). Then, (3.5) implies
as t → ∞. By direct calculation, we have ∂ ∂t log(trh(t) + trh −1 (t)) = tr(hh where r = rank(E). By the above two inequalities, we have
where V is the volume of (M, ω). On the other hand, the monotonicity of
Combining the above two inequalities, we have (r
Claim Assume that the Higgs bundle (E, θ) is semi-stable, if µ(K, H(t)) → −∞, then we must have
By the above claim and (3.12), we have Φ(H(t), θ) L 2 → 0 as t → +∞. Combining the above two cases, we see that: if the Higgs bundle (E, θ) is semi-stable, then
, where χ is the heat kernel. Using (2.5), we have
By the maximum principle, (3.16) as t 0 → +∞. So there exists an approximate H-E metric structure on semi-stable Higgs bundle (E, θ).
To complete the proof of theorem 1, we only need to prove the above claim.
Proof of the Claim. We will follow Simpson's argument (Proposition 5.3 in [22] ) to show that if the estimate does not hold , there is a sub Higgs-sheaf contradicting semi-stability.
Suppose the required estimate does not hold. We can find a positive constant C and a sequence t i → +∞ such that (2.11) and (3.6), we have tru i = 0 and u i L ∞ ≤ C 1 . Simpson proved that:
, and the eigenvalues of u ∞ are constant almost everywhere. Let λ 1 < · · · < λ l denote the distinct eigenvalue of u ∞ . Since tru ∞ = 0 and u ∞ L 1 = 1, we must have l ≥ 2. For any 1 ≤ α < l, define function P α : R → R such that
Set π α = P α (u ∞ ), Simpson (p887 in [22] ) proved that: (λ α+1 − λ α )(dP α ) 2 (λ k , λ l ) = |λ k − λ l | −1 (3.24) and
